A theory is presented to simulate the consolidation of elastic porous media saturated by two immiscible Newtonian fluids. The macroscopic equations, including mass and momentum balance equations and constitutive relations, are obtained by volume averaging the microscale equations. The theory is based on the small deformation assumption. In the microscale, the grains are assumed to be linearly elastic and the fluids are Newtonian. The bulk and shear moduli of the solid matrix are introduced to obtain the macroscopic constitutive equations. Momentum transfer terms are expressed in terms of intrinsic and relative permeabilities assuming the validity of Darcy's law. In one dimension, the governing equations reduce to two coupled diffusion equations in terms of the pore pressures of the fluid phases. An analytical solution is obtained for a column with a fixed impervious base and a free drainage surface. Results are presented for cases of practical interest, Le., columns saturated by oil-water and air-water phases. Results indicate that the presence of a second fluid phase affects pore water pressure and total settlement.
INTRODUCTION
Many geological formations contain more than one fluid phase in their pores such as air, water, and oil. The interfacial tension between these fluids is nonzero and a fluid-fluid interface separates the phases within the pores. Although most earth materials are saturated by more than one fluid, consolidation of porous media saturated by multiphase fluids received limited attention from researchers. Almost all studies deal with soils containing air and water in their pores, i.e., unsaturated soils. In early studies, Terzaghi's (1923) effective stress principle was extended to unsaturated soils to incorporate the effect of air on pore water pressure. Among them, Bishop's (1959) principle is the most widely accepted one. Bishop introduced a material parameter to take the presence of air phase into consideration. Jennings and Burland (1962) showed that volume changes due to water wetting of the solid phase cannot be explained by Bishop's expression. For a detailed discussion of modified effective stress principle, the reader is referred to Bishop and Blight (1963) , Kohgo et al. (1993) , and Fredlund and Morgenstern (1977) . However, we should note that these expressions were obtained based on practical considerations rather than theoretical ones.
To explain the behavioral alterations in volume change such as collapse of soil structure, various researchers proposed two stress states that are treated independently (Jennings and Burland 1962; Coleman 1962; Fredlund and Morgenstern 1976; Fredlund and Hasan 1979) . In this approach, stress states are chosen as algebraic combinations of the stresses in the solid, air, and water phases. Then, constitutive relations for volume changes are expressed in terms of these stress states, e.g., as a function of the difference between total stress and air pressure, and the difference between air pressure and water pressure (Fredlund and Hasan 1979; Lloret and Alonso 1980) . Fredlund and Hasan (1979) proposed a one-dimensional consolidation theory for unsaturated soils by considering volume changes and fluid flow due to variations in these two stress states. Their theory consists of two coupled diffusion equations 'Asst. Prof., Izmir Inst. of Technology, Facu. of Engrg., Gaziosmanpasa Bulvari, No. 16, Cankaya, IZmir, Turkey. 'Prof., Dept. of Civ. Engrg., Texas A&M Univ., College Station, TX 77843-3136.
Note. Associate Editor: James T. Kirby. Discussion open until April I, 1997. To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on November 21, 1994. This paper is part of the Journal of Engineering Mechanics, Vol. 122, No. II, November, 1996 in terms of air and water pore pressures. Fredlund and Hasan (1979) have expressed the flow of wetting (water) and nonwetting (air) phases by Darcy's and Fick's laws, respectively. Lloret and Alonso (1980) studied swelling and collapse behavior of unsaturated soils based on the same principles with the exception of Darcy's law expressed in terms of respective relative permeabilities for each phase. Narasimhan and Witherspoon (1977 , 1978a , 1978b ) proposed a numerical model for water flow in deforming unsaturated porous media based on Richards' equation and Bishop's effective stress principle. Corapcioglu and Bear (1983) have noted the contribution of the unsaturated zone above the water table to subsidence of a deformable phreatic aquifer. Geraminegad and Saxena (1986) developed a model to predict the coupled transient flow of heat, water, and air. They solved the resulting equations by the finite element method. Brutsaert and EI-Kadi (1984) investigated the relative importance of partial saturation in ground-water flow by extending Biot's theory to unsaturated porous media.
Governing equations of compressible porous media can be obtained by using two different techniques. The first technique employs the mixture theory that treats the particulate volume fraction as a constitutive variable for multiphase media like compressible porous materials (Adkins 1963; Bowen 1982) . The second technique volume averages the microscale governing equations to obtain macroscale ones (Slattery 1981 ). In the present study, we present a theory to simulate the consolidation of porous media saturated by two immiscible fluids. Mass and momentum balance equations as well as the constitutive relations are obtained by volume averaging the equations and relations expressed at the microscopic scale. The volume averaging technique has been employed after the development of the theorem for volume average of a gradient (Slattery 1967; Anderson and Jackson 1967; MarIe 1967; Whitaker 1967) . Although the volume averaging technique has been used extensively to formulate the flow problems in rigid porous media (Slattery 1967 (Slattery , 1968 Whitaker 1967) , it has been recently applied to deformable media [e.g., refer to Bear et al. (1984) ]. De la Cruz and Spanos (1985) made the first attempt to formulate the constitutive relations and balance equations of wave propagation in saturated porous media. In a subsequent paper, de la Cruz and Spanos (1989) extended their theory to include the thermodynamic considerations. Pride et al. (1992) obtained Biot's (1941 Biot's ( , 1956 ) equations for satur~ted porous media by employing the volume averaging techmque. The resulting constitutive relations of Pride et al. (1992) contained the same parameters as those of Biot and Willis (1957) . As seen in this brief review, there is no theory available to obtain constitutive relations as well as mass and VOLUME AVERAGING THEOREMS Let L, land r be the characteristic lengths of the macroscopic scale, averaging volume, and pore scale, respectively. The required condition for the volume averaging is (Slattery 1981) momentum balance equations at macroscale by volume averaging the corresponding microscopic ones. The resulting governing equations reduce to two coupled one-dimensional diffusion equations. These equations are similar to those obtained by Fredlund and Hasan (1979) when the external loads are not functions of time. Finally, we obtain analytical solutions for a porous column saturated by two immiscible fluids. Specific cases are studied for air-water and oil-water phases and the effects of a second phase on pore water pressure and consolidation are discussed.
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(1) at rest, linearly elastic, isotropic, and experiencing small deformations. Then the constitutive relations are given by
where u" T" K" G" and I = displacement, incremental stress tensor, bulk modulus, shear modulus of solid phase, and unit tensor, respectively. The superscript T denotes transpose of a tensor. We assume that both fluid phases are Newtonian with constitutive relations TI = -PJ + fl.1 [VVI + (Vv,/ -~V'V,I] i = 1,2 (11) where v" Ti' PI' and fl., = velocity, incremental stress tensor, incremental pore fluid pressure, and shear viscosity of fluid phase i, respectively. In (11), the bulk viscosity of fluids is assumed to be negligible. The state equations of fluid phases are assumed to be in the form of where V = volume of phase i in averaging volume. These two averages are related by where V = averaging volume; and R I = region occupied by phase i. The intrinsic volume average of Bj , i.e., the mean value of Bj in R;, is given by
..!... dPt =.!. dp, i = I, 2
where K I , Pi' and Pf = bulk modulus, density, and pressure of phase i. The mass balance equations are expressed as 1 dp
By combining (12) and (13), we obtain
The pressure increment PI can be written as
Since consolidation is a slow phenomenon, the inertial effects in (16) can be assumed to be negligible. We note that the body forces do not appear in (16) because equations are expressed in terms of incremental stresses. The boundary conditions at the solid-fluid interfaces are expressed as where U I = displacement of fluid phase i from reference position, i.e., incremental displacement. We continue with the momentum balance equation in terms of incremental stresses and velocities Vs=V, and Ts'Os+T,'OI=O on Ss' i=I,2 (17) where subscript (si) denotes interface between solid phase and fluid phase i; and OJ = unit outward vector normal to interface. The boundary conditions at the fluid-fluid interfaces are (Slattery 1981)
where V"' 'Y, and H = surface gradient operator, interfacial tension, and mean curvature of interface, respectively. The terms on the right side of (18) may be interpreted as the rate of momentum production per unit area of the phase interface. The first term on the right side incorporates the position dependency of surface tension upon the interface. Therefore, the surface gradient operator incorporates the spatial variation of the surface tension along the phase interface because of impurities and local temperature variations.
(3)
(2) (4)
In the present study, we assume that this requirement is satisfied. We continue with the definitions used in volume averaging literature. Let B i be a field quantity of phase i, then the volume average of B I is defined as
where ex i = volume fraction of phase i. Now we set the volume average theorem for a gradient and a time derivative (Slattery 1967 (Slattery , 1981 ) , N (6) \ at I at vJs u where Sij = interface between phase i and phase j; OJ = outward normal of Sij; u· OJ = speed of displacement of Sij into other phases; and N = number of phases. The theorem of volume average of a divergence is stated as
'J If (B I ) is taken to be a constant, (5) and (6) take the following forms:
MICROSCOPIC CONSTITUTIVE RELATIONS, MASS AND MOMENTUM BALANCE EQUATIONS
In the present study, the compressible porous medium consists of compressible solid grains, and two immiscible Newtonian fluids. We assume that there is no mass exchange between the phases. The solid phase is assumed to be initially 10781 JOURNAL OF ENGINEERING MECHANICS 1NOVEMBER 1996
MACROSCOPIC CONSTITUTIVE RELATIONS
Our next step is to obtain macroscopic constitutive relations by averaging the microscopic relations. Volume averaging of (10) yields (21) Since the fluid pressures we are working with are incremental pressures, as a first-order approximation, we can write where pr and pr = intrinsic averaged pressures. Pc,p, also known as capillary pressure, is assumed to be a function of SI (saturation of the nonwetting phase) only. From now on fluid phase 1 will be considered as the nonwetting phase and fluid phase 2 will be considered as the wetting phase. Si is related to the volume fractions by (20) is second-order tensor with zero trace. Since there is no mass exchange between the phases, the velocity of the interface is equal to the velocity of the points at the interface. Hence, by employing (9), the integral in (19) can be expressed as
where superscript (0) refers to reference configuration. Since the displacements are assumed to be small, by definition
Eq. (32) does not contain any rotational deformations. For an elastic porous medium saturated by a single fluid, Pride et al. (1992) showed that
provided that change in saturation, .lSI' is small. Deformation of a porous medium can be investigated by independently considering the volume change behavior (nonzero trace) and shear deformation behavior (zero trace). In the following, we first consider the part of constitutive relations associated with the volume changes. After examining the shear deformations, we combine these two to finalize the macroscopic constitutive relations.
To explore the constitutive relations associated with the volume changes, we start by introducing P j
where K r , is defined as "frame" or "drained" bulk modulus. We assume that in the case of two fluids, P f is given by
Then, we can rewrite (33) as
Note that from (29) and (30) we can write .lal = MSI(l -a,)] = SI(l -a,) -S?(l -a~) = (l -a~).lSI
Since we have already assumed that .lSI and .la, are small, the product of these terms can be neglected. Eqs. (31) where Furthermore, employing the no-slip conditions (17) we can write Jij = iLi (VjOj + OjVj -~Vi' OJ) dA (25) Under the small deformations assumption, the interfaces of the phases are not allowed to experience large deformations. Then by using (20) and (25), and assuming au;lat » Vj' VU" we can write KI} and Jij couple the shear deformation of the phases. However, we must note that physical meanings of the shear modulus of the solid phase and viscosity of the fluid phases are totally different. In almost all studies associated with the deformation of the solid matrix, these coupling terms are neglected assuming that all shear resistance is provided by the matrix only. The microscopic boundary condition at the fluid-fluid interface [refer to (18) ] shows that there is a jump in the stresses of the immiscible fluids because of the presence of interfacial tension and curvature of the interface. Assuming smooth pressure variations within the averaging volume, we can write (54) and (38)-(42) constitute the complete set of constitutive relations of the porous media. These equations can be reduced to a case with a single fluid phase by setting dPcapldS,~0 (i.e., as,~0) and S, = O. In this case, the definitions ofthe material constants are identical to those given by Biot and Willis (1957) . We should note that in the present study we are considering a linearly elastic medium experiencing deformations. In some practical situations, the material parameters are highly nonlinear functions of state variables. The sum of volume-averaged stresses in all phases (52)-(54) yields the so-called "total stress" definition in soil mechanics. Hence 
(58)
For a porous medium saturated by a single phase fluid, the effective stress (Terf> is defined as where 13 = a constant depending on elastic properties of medium. 13 = 1 corresponds to the effective stress principle introduced by Terzaghi (1923) . Later, Biot and Willis (1957) , Skempton (1960) , and Nur and Byerlee (1971) proposed where X = material parameter. Bishop and Blight (1963) investigated the relationship between X and Sz, and observed almost a linear variation.
The idea behind the effective stress principle is to find the intergranular stress that causes the deformation of the solid matrix. If effective stress on the solid matrix is known, the problem reduces to finding the response of the solid matrix by using the "drained" matrix parameters. Hence, (55) can be rewritten as for a linearly elastic solid matrix. Usually the bulk modulus of the solid grains, K" is much greater than the bulk modulus of the frame, K r ,. Then 13 can be taken as unity for most cases. The lower limit of 13 is (1as) since K" cannot be greater than as K s . Similar effective stress principles were proposed for porous media saturated by two immiscible fluids. Bishop (1959) Eq. (59) is a combination of (56), (57), and (58) for X = Sz and it can be regarded as a generalized effective stress principle for linearly elastic porous media saturated by two immiscible fluids . 
• For the solid matrix
where TJ) = deviatoric stress of phase j. In other words, the fluids are viscous but the mechanical shear response of the porous medium is provided by the solid matrix only. The viscosities of the fluids will be taken into account later when we discuss the macroscopic momentum balance equations since they contribute to the energy losses in the system. Then, we can finalize the constitutive relations as
We also note thataa s is equal to the porosity change. Our next step is the evaluation of the solid matrix's shear modulus, G r ,. As noted earlier, we assume that all shear resistance of the porous material is provided by the solid matrix. This assumption uncouples the shear deformation of the phases, i.e., Kij = Jij = O. If an external shear stress, Teo is applied to the material, then by employing (23) we can write dP cap A, = a.,K., -K rr and A z = dS, S,(l -Sf)
These constitutive relations simplify significantly if the solid grains are assumed to be incompressible, i.e., K s~0 0. We obtain an expression for aa s by substituting (35) in (32) where j=s Eqs. (67), (68), and (69) constitute the final set of equations with the unknowns p., P 2 , and US'
ONE-DIMENSIONAL CONSOLIDATION PROBLEM
In general, (67)-(69) have five unknowns: PI' P 2 , and three components of the solid matrix displacement, US' For a onedimensional consolidation of a column, (67) 
where W s = vertical displacement of solid matrix. Eqs. (70)-(72) can be solved for a two-phase saturated column with fixed impervious base and free drainage surface. We take the z-axis positive downward. The thickness of the column is h o • We assume that material parameters are constant and uniform along the column. Since the total stress is constant at any depth, (55) can be rewritten as
where Po =applied stress at top, Z =O. Substitution of (73) in (70) and (71) The second term on the left side represents momentum transfer between phases. Boundary conditions at the solid-fluid interfaces [refer to (17) 
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Assuming that Darcy's law is valid, we can write the following by substituting (59) in (60):
FINAL SET OF EQUATIONS
Based on the set of macroscopic constitutive relations and momentum balance equations, equations governing the consolidation of a porous medium saturated by two immiscible fluids can be stated. By applying the divergence operator to (62) we have --
(1 -a,)SIV, (VI -v,) = V· --;:;; PI --
In writing (65) and (66), we assume that gradients of volume fractions are small. By employing the constitutive relations given by (41) and (42), we eliminate the fluid velocities from (65) and (66) to obtain (62a) where K = intrinsic permeability of medium; and k rl = relative permeability of phase i. Because of the boundary condition at the fluid-fluid interfaces [refer to (18)] we can write i r TI'OI dA *" -i r T2'02 dA (63) JS 12
JS 21
These terms result in the cross permeabilities known as the Yuster effect in the literature (Yuster 1953; Scott and Rose 1953) . The Yuster effect can be neglected for practical purposes (Bear 1972) . Summing the momentum balance of the solid and fluid phases [refer to (60) ], we obtain the macroscopic equilibrium equations of the porous medium 
A~2 4ele2A2
where The total settlement is calculated by (73) and (85) in (84) gives the initial condition
The general solutions of (74) and (75) 
Substitution of (73), (96), and (97) in (103) yields 1 -K,,1K,
The initial values of an(t) and bn(t) are obtained from (86) Note that the first term is the final settlement of the column when t~00. The parameters in Table 1 are used to obtain numerical results. Mechanical properties of the solid material are taken from Ishihara (1967) obtained for loose sand. Van Genuchten's (1980) closed form expressions for the capillary pressure-saturation relations are employed to obtain dPca/dS t in (31). Van Genuchten (1980) 
where Pcap = capillary pressure (N/m 2 ); S2 = water saturation; Sm2 = upper limit of water saturation in a two-phase medium; Sr2 = irreducible water saturation; m = 1lin; and a. and Substitution of these general solutions in (74) and (75) 
where The inversion of (93) and (94) 
The solutions of the algebraic equations are .8 6 <1J :5 CASE 2: CONSOLIDATION OF POROUS COLUMN SATURATED BY AIR AND WATER PHASES 1 0 . . , -----n ; : ---------------,
In the second case, the column is saturated by air and water phases. Material properties are given in Table 1 ("Clark's Tables" 1971) . Parameters of (l05) and (106) are obtained as a = 0.04, n = 5, Sr2 = 0.10, and Sri = 0.05. Fig. 4 illustrates the total settlement of a column fully saturated by water and of a column containing 5% air saturation. As shown in Fig. 4 , although the final settlement and settlement at early times are not affected by the air presence, there is up to a 5% increase in settlement due to 5% air saturation. As seen in Fig. 5 , the dimensionless excess pore pressure distribution is affected by the air presence. For example, at t = 10 s, middepth dimensionless excess pore pressure decreases by 1% from 0.99 to 0.98 as the water saturation decreases from full saturation, S2 = 1.00 to S2 =0.95. At a later time, t =300 s, the middepth dimensionless excess pore pressure decreases by 15% as water 1.00 0.80 0.60 0.20 n = material properties. For the relative permeabilities we use the following expression (Corapcioglu and Hossain 1990) :
where SrI =irreducible saturation of nonwetting phase. We will consider two cases as examples of practical problems. The first example is a porous column of an oil reservoir saturated by oil and water. The second is a column of unsaturated soil, i.e., air and water phase occupying the pore space. We first analyze consolidation of a porous medium saturated by water and oil, characterized by material parameters of benzene obtained from Clark's Tables ("Clark's Tables" 1971) . Parameters of (105) and (106) are obtained as a = 0.025, n = 10, Sr2 =0.08, and SrI =0.10 after curve matching the typical capillary pressure-saturation curve given by Wilson et al. (1990) . The variation of dPca/dS\ with Slo obtained from (105), is used to relate the pore pressure of the wetting phase to the pore pressure of the nonwetting phase by (31). As seen in Fig. I , the dimensionless pore water pressure distribution along the column is dependent on water saturation. As expected, for larger water saturation values, excess water pressures are significantly higher. The effect of water saturation, S2' is even more dramatic with increasing time. For example, at t = 10 s, middepth (z = 5 m) dimensionless excess pore pressure (P 2 IP't) increases by 1% from 0.98 to 0.99 as the water saturation increases from S2 = 0.2 to 0.5. However, at a later time (t = 300 s), the middepth excess pore pressures increase by 45 and 200% as S2 increases from 0.2 to 0.3 and 0.5, respectively. This reflects a substantial effect of oil presence as the medium consolidates. Then, change in oil saturation, SI can be calculated from (31). As shown in Fig. 2 , at all times the decrease in oil saturation, Slo along the column is relatively small. The increase in water saturation, S2' is also equally small. Change in (la.) (porosity) is calculated from (38). For parameters given in Table 1 , we observe the variation in porosity, as shown in Fig. 3 . In 300 s, we observe a change in porosity from 0.3 to 0.2975 at the lower boundary. An inspection of (50) indicates that when the upper limit of the We obtained macroscopic equations governing the consolidation of porous media saturated by two immiscible fluids by volume averaging the microscopic constitutive relations, and mass and momentum balance equations of respective phases. Momentum transfer terms are expressed in terms of intrinsic and relative permeabilities assuming the validity of Darcy's law. In one dimension, the governing equations reduce to two coupled diffusion equations in terms of the pore pressures of the fluid phases. An analytical solution is obtained for a column with a fixed impervious base and a free drainage surface. Results were presented for cases of practical interest, i.e., columns saturated by oil-water and air-water phases. It has been shown that the presence of a second fluid phase affects pore water pressure and total settlement. For example, it has been noted that in a column saturated by oil and water phases, the middepth excess pore pressures increase by 45 and 200% as
